Based on the method of transformation optics, we show the miniaturization of a resonant cavity filled with metamaterials. Because the electromagnetic behavior in the transformation space is invariant in the original space, the quality factor Q and the resonant modes of a miniaturized resonant cavity filled with metamaterial are the same as for those in the original space. Theoretical analysis and numerical simulation confirms that the miniaturization of resonant cavities is effective. 
Introduction
Recently, artificially structured metamaterials, which are usually composed of periodic subwavelength structure, have attracted much attention due to their unprecedented flexibility in manipulating electromagnetic (EM) waves and production of new functions [1] [2] [3] . According to the designated properties, metamaterials can be classified as follows [4] : DPG (double positive), both permittivity and permeability greater than zero; ENG (epsilon-negative), permittivity less than zero and permeability greater than zero; MNG (mu-negative), permittivity greater than zero and permeability less than zero; and DNG (double negative), both permittivity and permeability less than zero. One of the novel features is that metamaterials can pro- * E-mail: sys@njfu.com.cn duce negative permeability and permittivity simultaneously. Due to the negative refraction, there are lots of unusual properties and potential applications, such as the superlens, the energy localization, the super waveguide, and so on [5] [6] [7] [8] . Another novel feature is an interesting idea which uses the coordinate transformation to design an invisible cloak, enabled by mapping the coordinate transformation to a set of electrical permittivity and magnetic permeability which are both spatially varying and anisotropic [9] [10] [11] [12] [13] . The coordinate transformation squeezes the space from a volume into a shell surrounding the concealment volume so that the EM field is excluded from the concealment volume without perturbing the exterior fields.
There are many aspects of metamaterials that can be exploited for electromagnetic applications because they open up possibilities and methods to control the EM fields. Besides the above novel properties, more wave manipulation strategies have been drawn out, such as EM field con-centrators, rotators, direction changing, inside-out cloaks, and so forth [14] [15] [16] [17] [18] [19] [20] . Although such media would be very difficult to synthesize using conventional materials, artificially structured metamaterials offer a practical approach for the realization of transformation optical designs, given their ability to support a much wider and controllable range of electric and magnetic responses. It is believed that other novel devices with potential applications would be created from metamaterials. In this paper, we present a design of miniaturization of resonant cavities using metamaterial.
Theoretical analysis
According to the coordinate transformation method, if the original space is free space, the permittivity, , and permeability, µ, tensors in the transformation region can be written as [6] 
where the metric is given by
The Jacobian transformation matrix Eqs. (1) and (2) describe electromagnetic behavior in the transformation. This behavior can be interpreted in two ways [6] . On one hand, the material property tensors that appear on the left and right hand sides of Eqs. (1, 2) represent the same material properties, but in different spaces. The components in the transformed space are different from those in the original space, due to the topology of the transformation. On the other hand, the material property tensors on the left and right hand sides of Eqs.
(1, 2) represent different material properties. The form invariance of Maxwell's equations insures that both interpretations lead to the same electromagnetic behavior. Because the properties in transformation space are the same as those in the free space, we propose another resonant structure filled with metamaterial, which is compressed from free space. Therefore, the quality factor Q and the resonant modes of such structures filled with metamaterial are the same as those filled with air. Due to the quality factor Q of resonant cavities being mainly determined by the bulk of the structure, the same quality factor Q can be acquired by the small bulk of the structure with metamaterial. According to the method of transformation optics, the miniaturized resonant cavities can be designed. For simplicity, in this paper, we consider 2D cylindrical resonant cavities with metallic conductor surfaces. Consider a 2D cylindrical resonant cavity 1 with radius 1 (Fig. 1) . In order to reduce the bulk of the resonant cavity, we compress the resonant cavity of 1 with radius 1 into the resonant cavity of 2 with radius 2 (Fig. 1) . According to transformation optics, the corresponding mapping is
where = 1 2 , which determine the ratios of compression of 1 and 2 . Using the Eq. (1) and (2), the relative permittivity,¯ , and permeability,μ , tensors in the transformation region can be acquired in the cylindrical coordinate system, which can be written as
In the transformation region, the transformation medium is uniaxial anisotropy, and the electromagnetic parameters are very simple. Therefore, the miniaturization of a resonant cavity using metamaterials is theoretically feasible.
½ ½ 
Simulation and discussion
To investigate the miniaturization of a resonant cavity using a transformation medium, numerical simulations based on the finite element method are carried out. We consider a resonant cavity of radius R = 0 16 m under TM illumination, where a line source along the z-direction is located at point = 0 5 R. The wavelength λ of an − resonant mode inside a dielectric cavity with the radius R can be calculated using the following relation:
where is the − root of the − order Bessel function J ( ). According to Eq. (8), we study the response of this structure at two different frequencies, one is = 3 3 GHz corresponding to the 11 − resonant mode, the other is = 9 GHz corresponding to 30 − resonant mode. Fig. 2 shows the E-field distribution for the original resonant cavity filled with air, = 3 3 GHz for Fig. 2a,   Figure 3 . Full-wave analysis (Ez) of compressed resonant cavity with compressing ratio = 0 25 at different frequencies: (a) = 3 3 GHz, and (b) = 9 GHz. and = 9 GHz for Fig. 2b . In order to study the resonant modes in the different sizes of the resonant cavities, we compress the resonant cavity into different sizes based on the equations (4, 5, 6) . Fig. 3a, b shows E-field simulation results of the resonant modes at different frequencies, in which the radius is 0 04 m and = 0 25. Although the size of the resonant cavity is reduced, there is the same resonant mode for = 3 3 GHz in the transformation medium (Fig. 3a) . For = 9 GHz, there is the same result (Fig.  3b) . When the resonant cavity is filled with free space for the same size, = 3 3 GHz and = 9 GHz, they are not the resonant modes according to Eq. (8). If we continue to reduce the size of the resonant cavity, only the modes with higher frequencies can be excited and sustained in the resonant cavity. Fig. 4a, b is the E-field simulation results with transformation medium when the radius of the resonant cavity is 0 0004 m, and = 0 0025. Because the properties in transformation space are the same as those ½ ¾ in the free space, we find that there are the same resonant modes for larger compressing ratios in the transformation medium. When the resonant cavity is filled with free space for the same size, the frequencies of the resonant modes must be larger than = 1200 GHz. Therefore, we can realize a resonant cavity with the same quality factor Q and resonant modes using a miniaturized resonant cavity filled with metamaterial instead of a lager one filled with air.
In reality, it is difficult to make ideal lossless metamaterials and all artificial metamaterials are always susceptible to loss. Now we consider potential loss metamaterials with¯ =¯ 0 + Ī γ,μ =μ 0 + Ī δ, whereĪ is unit matrix, is imaginary unit, γ and δ are positive-real parameters. If there is slight loss in the metamaterials, such as γ = δ < 0 01, the resonant modes in miniaturized resonant cavities are the same as ideal cases (Figs. 2-3) . The slight loss has little effect on the resonant modes. If we consider the case with relatively large loss, other condi- tions are the same, Fig. 4a , there is a major impact on the fields in the the resonant cavities. Fig. 5a and Fig. 5b illustrate E-field simulation results of the resonant modes for γ = δ = 0 01 and γ = δ = 0 05, respectively. It can be seen that the amplitude of fields in the resonant cavities decrease with increasing loss, which means the quality factor Q of resonant cavities should also drop. At the same time, the simulated results indicate that the resonant modes have been distorted due to relatively large loss.
Conclusion
In this paper, we have proposed and designed a kind of miniaturization of resonant cavities based on the idea of transformation optics. An ordinary 2D cylindrical resonant cavity with radius 1 can be compressed into a small sized resonant cavity with radius 2 . Because the elec-tromagnetic behaviours in the transformation space are in a good agreement with those in the original space, the quality factor Q and the resonant modes of such structures filled with metamaterial are the same as those filled with air. Two dimensional finite-element simulations at two different frequencies were performed to confirm the theoretical results.
